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Using the recently obtained Pgq splitting function we extend the low x evolution equation for
gluons to account for contributions originating from quark-to-gluon splitting. In order to write down
a consistent equation we resum virtual corrections coming from the gluon channel and demonstrate
that this implies a suitable regularization of the Pgq singularity, corresponding to a soft emitted
quark. We also note that the obtained equation is in a straightforward manner generalized to a
nonlinear evolution equation which takes into account effects due to the presence of high gluon
densities.
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I. INTRODUCTION
Parton distribution functions (PDFs) provide essential
input to phenomenology at today’s collider experiments.
In combination with partonic cross-sections, which can
be systematically calculated within QCD perturbation
theory, they allow for a very accurate descriptions of
‘hard’ events in hadron-hadron and hadron-electron col-
lisions, where ‘hard’ refers to the presence of a scale M
significantly larger than typical hadronic scales of the
order of ΛQCD ∼ 200 MeV. While the bulk of such
analysis is carried out within the framework of collinear
factorization, there exist classes of multi-scale processes
where the use of more general schemes is of advantage.
Such schemes involve in general Transverse-Momentum-
Dependent (TMD)1 or ‘unintegrated’ PDFs in contrast
1 For a review see [1].
to conventional PDFs defined within collinear factoriza-
tion which depend only on the hadron longitudinal mo-
mentum fraction carried by the parton.
A particularly interesting example of such a multi-
scale process is provided by the high-energy or low x
limit of hard processes s  M2  Λ2QCD where
√
s
denotes the center-of-mass energy of the process and
x = M2/s. In such a scenario it is necessary to resum
terms enhanced by logarithms ln 1/x to all orders in
the strong coupling constant αs, which is achieved
by the Balitsky-Fadin-Kuraev-Lipatov (BFKL) [2, 3]
evolution equation. The resulting formalism called high
energy factorization or kT factorization [4–7] provides
then a factorization of such cross-sections into a TMD
coefficient [8–10] or ‘impact factor’ and an ‘unintegrated’
gluon density.
While well defined in the ‘low x’ limit, the ensuing
formalism and evolution equation of the unintegrated
gluon density is confronted with difficulties if one
attempts a na¨ıve extension into the ‘large or moderate
x’ region. In particular, this concerns implementations
of unintegrated parton densities in parton showers of
Monte-Carlo event generators, as well as observables
in hadron-hadron collisions and/or combinations with
fragmentation functions which involve integrals over
the full x range of initial state PDFs. One of the most
tantalizing deficits is the limitation to gluon-to-gluon
splittings in the low x evolution with quarks being
absent. While well justified in the limit x  1, this
restriction omits a resummation of collinear logarithms
associated with quark splittings which provide sizable
contributions at intermediate and large x. Furthermore,
some of the hard collision processes are initiated by
quarks [11] and therefore the appropriate unintegrated
parton density functions are needed [12]. To over-
come this limitation, in [13] the real parts of quark
induced TMD splitting functions have been calculated
within kT -factorization, supplementing earlier results
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2of Catani and Hautmann [14, 15] who calculated the
TMD gluon-to-quark splitting function. This calculation
has been based on an extension of the method of the
classical work by Curci Furmanski and Petronzio [16],
formulated for the collinear factorization.2 Together
with the already long-known kT -dependent Pgg splitting
function [20–23] it gives a complete set of (real) emission
evolution kernels within the kT -factorization scheme.
One of the peculiarities of the quark-induced splitting
kernels is that they develop a singularity, which is asso-
ciated with the vanishing of the transverse momentum of
the parton emitted during the splitting. While in the case
of the quark-to-quark splitting the resulting singularity
is expected to be cancelled by the corresponding virtual
corrections, the situation is less clear in the case of the
quark-to-gluon splitting, where such virtual correction is
absent at leading order. While a complete treatment of
this singularity requires eventually the development of a
suitable scheme which removes this singularity, we will
address in the following a different question. Namely,
whether it is possible to formulate evolution equations
which, due to their particular structure, regularize this
divergence.
To this end we formulate an evolution equation for
the gluon distribution which includes already the quark-
to-gluon splitting and therefore first corrections due to
quarks. Besides of testing possible implementation of
the quark-to-gluon splitting function, this equation will
allow us – even before the complete set of equations is
known – to investigate the impact of including quarks
into the purely gluonic picture given by BFKL like evo-
lution equations.
We should also note that one of the possibilities to
construct a set of TMD parton distributions is to use
the Kimber Martin Ryskin framework [24, 25]. In this
approach one starts from collinear PDFs and constructs
the TMD PDFs by introducing coherence effects in the
last step of the evolution. The widely used PDF sets
constructed in this manner are used rather sucessfully
in phenomenological studies [26–30]. However, the
potential problem which one faces is the limitation to
rather large and moderate values of x and also large
transversal momenta. Therefore, one can not address
questions related to gluon saturation and the impact of
gluon saturation on quarks.
The rest of the paper is organized as follows. In Sec. II
we remind the result for the Pgq splitting function ob-
tained in [13] and adopt it to a form suitable for the cur-
rent work. In Sec. III we formulate a generalization of
2 The Curci Furmanski Petronzio scheme was recently modified in
order to simplify the structure of infra-red singularities, and used
for calculating inclusive as well as unintegrated NLO splitting
functions for the purpose of MC simulations (these results are in
the framework of collinear factorization) [17–19].
q
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FIG. 1. An initial state parton with transverse momentum
k splits into a parton with transverse momentum q, while
emitting a real parton with momentum p = k− q.
BFKL equation including quark contributions from the
Pgq splitting and perform partial resummation of this
contribution. Next the numerical stability of this new
equation is studied. Finally we calculate its high energy
limit and show that in this limit we obtain a full resum-
mation of the quark part. In Sec. IV we summarize the
obtained results and give perspective for further studies.
II. THE TMD QUARK-TO-GLUON SPLITTING
FUNCTION
We start by recalling the results of [13], where the
TMD quark-to-gluon splitting function Pgq has been de-
rived, using an extension of the kT -factorization formal-
ism to initial, off-shell quarks. The corresponding kine-
matics is depicted in Fig. 1. The result of [13] is at first
provided in terms of the so-called TMD splitting kernel
which allow to identify the splitting functions of inter-
est. Since we are in the following in particular interested
in isolating the singularity associated with the vanish-
ing transverse momentum p of the real emitted quark we
start with a representation in terms of the rescaled trans-
verse momentum p˜ = k−q1−z . The TMD splitting kernel is
then given by
Kˆgq
(
z,
k2
µ2F
, αs, 
)
= (2.1)
αs
2pi
z
∫
d2+2p˜
pi1+µ2
e−γE Θ
(
µ2F − (1− z)(p˜− k)2 − zk2
)
{
(1− z)2
z
2
p˜2
+
p˜2z(1− z)2+2(1 + )
[(1− z)(p˜− k)2 + zk2]2
− 2(1− z)
1+2
(1− z)(p˜− k)2 + zk2
}
.
(2.2)
For the purpose of the following sections, we rewrite this
result using the transverse momenta of the emitted par-
ticle, p, and the outgoing particle, q, while k = p + q.
3Furthermore, since we will formulate the evolution equa-
tion in d = 4 dimensions, we set from now on  = 0. We
find
Kˆgq
(
z,
q2
µ2F
, αs, 0
)
=
αs
2pi
z
∫
d2p
pi
Θ
(
µ2F −
z p2 + (1− z)q2
1− z
)
Pgq(z,p,q)
p2
(2.3)
where
Pgq(z,p,q) = CF
p4z2 − 2p2q2(z − 1)z + 2q4(1− z)2
z (q2(1− z) + p2z)2 .
(2.4)
In the limit p→ 0, the splitting function reduces to
lim
p→0
Pgq(z,p,q) =
2CF
z
(2.5)
and as a consequence, Eq. (2.4) appears to develop a
singularity in this limit. We stress that this singular-
ity is not to be confused with the conventional collinear
singularity, which is associated with the collinear gluon-
to-quark splitting function. As demonstrated in [13], the
collinear singularity is associated with the collinear limit
|p|, |q|  |k|. In the following section we will present
a possible implementation of this splitting function into
an evolution equation for the unintegrated gluon den-
sity, taking particular care to avoid the dangerous region
|p| → 0.
III. COMBINING QUARKS AND GLUONS
Our starting point is the leading order (LO) BFKL
equation which describes evolution in ln 1/x for the
dipole amplitude in the momentum space:
F(x,q2) = F0(x,q2) + αs
∫ 1
x
dz
z
∫
d2p
pip2
(3.1)
× [F(x/z, |q+ p|2)− θ(q2 − p2)F(x/z,q2)]
where αs =
CAαs
pi . This form is particularly useful to
promote the BFKL equation to a system of equations
for quarks and gluons. First of all let us consider the
equation for gluons at LO which apart from gluons re-
ceives also contributions from quarks. Formally such an
equation can be formulated as:
F(x,q2) = F0(x,q2) + αsPBFKL(z,p,q)⊗F(x/z,q2)
+
αs
2pi
Pgq(z,p,q)⊗Q(x/z,q2) (3.2)
where Q(x/z,q2) is the distribution of quarks and Pgq
is given by eq. (2.4). Introducing the resolution scale µ
and decomposing the kernel of the gluonic part of (3.1)
into a resolved real emission part with p2 > µ2 and the
unresolved part with p2 < µ2, we obtain
F(x,q2) = F0(x,q2) (3.3)
+ αs
∫ 1
x
dz
z
∫
d2p
pip2
F(x/z, |q+ p|2)θ(p2 − µ2)
+ αs
∫ 1
x
dz
z
∫
d2p
pip2
[F(x/z, |q+ p|2)θ(µ2 − p2)
− θ(q2 − p2)F(x/z,q2)]
+
αs
2pi
∫ 1
x
dz
∫
d2p
pip2
Pgq(z,p,q)Q(x/z, |p+ q|2) .
The integral over p in the quark part is divergent and
needs to be regulated. In the following we achieve this
through introducing the same cut-off µ as used for the
gluonic part. Technically this is achieved through includ-
ing for the quark part a theta-function θ(p2 − µ2).3
A convenient way of formulating the resummation (or
exponentiation) of virtual and unresolved real emissions
in the case of the gluon part can be achieved by express-
ing the evolution equation by its Mellin transform which
is then further manipulated [31]. The Mellin transform
is defined as
F(ω,q2) = ∫ 1
0
dxxω−1F(x,q2),
Q(ω,q2) = ∫ 1
0
dxxω−1Q(x,q2) (3.4)
while the inverse transform reads
F(x,q2) = 12pii
∫ c+i∞
c−i∞ dω x
−ωF(ω,q2),
Q(x,q2) = 12pii
∫ c+i∞
c−i∞ dω x
−ωQ(ω,q2). (3.5)
Performing the Mellin transform and using in the unre-
solved part |q+ p|2 ≈ q2 (since p2 < µ2) we obtain
F(ω,q2) = F0(ω,q2) (3.6)
+
αs
ω
∫
d2p
pip2
[F(ω, |q+ p|2)θ(p2 − µ2)]
+
αs
ω
∫
d2p
pip2
F(ω,q2)[θ(µ2 − p2)− θ(q2 − p2)]
+
αs
2pi
∫
d2p
pip2
P gq(ω,q,p)Q(ω, |q+ p|2)θ(p2 − µ2)
where
P gq(ω,p,q) =
∫ 1
0
dzPgq(z,p,q)z
ω. (3.7)
For the moment the Mellin transform of the quark part is
treated as a formal expressions giving a convenient short-
hand notation. After combining the unresolved real and
virtual parts of the gluonic terms we obtain
4F(ω,q2) = F0(ω,q2) (3.8)
+
αs
ω
∫
d2p
pip2
F(ω, |q+ p|2)θ(p2 − µ2)− αs
ω
F(ω,q2) ln q
2
µ2
+
αs
2pi
∫
d2p
pip2
Pgq(ω,p,q)Q(ω, |q+ p|2) θ(p2 − µ2).
With
Fˆ0(ω,q2) = ω
ω + ω
F0(ω,q2), ω = αs ln q
2
µ2
. (3.9)
This can be simplified to
F(ω,q2) = Fˆ0(ω,q2) (3.10)
+
αs
ω + ω
∫
d2p
pip2
F(ω, |q+ p|2) θ(p2 − µ2)
+
αs
2pi
ω
ω + ω
∫
d2p
pip2
Pgq(ω,p,q)Q(ω, |q+ p|2) θ(p2 − µ2)
which is easily verified through multiplying eq. (3.10) by a factor ω¯+ωω .
Now we will transform this expression back to x space. We will do this separately for the gluon and quark parts.
We start by writing the formal expression
F(x,q2) = 1
2pii
∫ c+i∞
c−i∞
dω x−ωFˆ0(ω,q2) (3.11)
+
1
2pii
∫ c+i∞
c−i∞
dω x−ω
αs
ω + ω
∫
d2p
pip2
∫ 1
0
dy yω−1F(y, |q+ p|2)]θ(p2 − µ2) (3.12)
+
1
2pii
∫ c+i∞
c−i∞
dω x−ω
αs
2pi
ω
ω + ω
∫
d2p
pip2
∫ 1
0
dzzωPgq(z,p,q) (3.13)
×
∫ 1
0
dyyω−1Q(y, |q+ p|2)θ(p2 − µ2).
A. Gluon part
For the part with the initial gluon distribution, eq. (3.11), we merely define
F˜0(x,q2) ≡ 1
2pii
∫ c+i∞
c−i∞
dω x−ωFˆ0(ω,q2). (3.14)
To transform the remaining gluonic part given by eq. (3.12) it is convenient to first note that
1
ω + ω
=
∫ 1
0
dz
z
zω+ω . (3.15)
Using this identity we find that the gluonic term transforms into
1
2pii
∫ c+i∞
c−i∞
dω x−ω αs
∫ 1
0
dz
z
zω+ω
∫
d2p
pip2
∫ 1
0
dy yω−1F(y, |q+ p|2)] θ(p2 − µ2) (3.16)
= αs
∫
d2p
pip2
∫ 1
0
dz
z
zω
∫ 1
0
dy
y
F(y, |q+ p|2)θ(p2 − µ2)δ
(zy
x
− 1
)
= αs
∫
d2p
pip2
∫ 1
x
dz
z
∆R(z,q
2, µ2)F
(x
z
, |q+ p|2
)
θ(p2 − µ2), (3.17)
3 Whereas, in the gluon case, this additional scale is just for techni-
cal convenience as 1/p2 is regularized by the virtual contribution,
in the case of quarks, µ scale is really needed for regularizing the
corresponding expression.
5where we have introduced the Regge formfactor
∆R(z,q
2, µ2) ≡ exp
(
−αs ln 1
z
ln
q2
µ2
)
(3.18)
which ensures that the gluonic part is well-behaving when µ2 → 0 and therefore allows us to take p2 → 0.
B. Quark part
Now we turn to the quark part given by formula (3.13). We note that for a generic function f(ω) we have∫
dω
2pii
ωx−ωf(ω) = −x∂x
∫
dω
2pii
x−ωf(ω). (3.19)
We additionally isolate the part singular in z of the Pgq kernel
Pgq(z,p,q) ≡ 1
z
· P˜gq(z,p,q) . (3.20)
This allows us to rewrite eq. (3.13) as
− x∂xαs
2pi
∫
dω
2pii
x−ω
∫ 1
0
dz1
z1
zω+ω1
∫
d2p
pip2
∫ 1
0
dz2
z2
zω2 P˜gq(z2,p,q)
·
∫ 1
0
dyyω−1Q(y, |q+ p|2)θ(p2 − µ2)
= −x∂xαs
2pi
∫
d2p
pip2
∫ 1
0
dz1
z1
zω1
∫ 1
0
dz2
z2
P˜gq(z2,p,q)
·
∫ 1
0
dy
y
Q(y, |q+ p|2)θ(p2 − µ2)δ
(z1z2y
x
− 1
)
= −x∂xαs
2pi
∫
d2p
pip2
∫ 1
0
dz1
z1
zω1
∫ 1
0
dy
y
θ(yz1 − x)P˜gq
(
x
yz1
,p,q
)
Q(y, |q+ p|2)θ(p2 − µ2). (3.21)
Next note that
−x∂xθ(yz1 − x)P˜gq
(
x
yz1
,p,q
)
= xδ(x− yz1)P˜gq (1,p,q)− θ(yz1 − x)
[
P˜ ′gq
(
x
yz1
,p,q
)
x
yz1
]
, (3.22)
where
P˜ ′gq (z,p,q) ≡
d
dz
P˜gq (z,p,q) = −CF 2(1− z)p
2q4
(zp2 + (1− z)q2)3 . (3.23)
Now using eq. (3.22) we obtain for the quark contribution
αs
2pi
∫
d2p
pip2
∫ 1
x
dz
z
zωP˜gq (1,p,q)Q
(x
z
, |q+ p|2
)
θ(p2 − µ2)
− αs
2pi
∫
d2p
pip2
∫ 1
x
dz
z
∫ 1
z
dz1
z1
zω1
[
P˜ ′gq
(
z
z1
,p,q
)
z
z1
]
Q
(x
z
, |q+ p|2
)
θ(p2 − µ2). (3.24)
Note that P˜gq (1,p,q) = CF . While the convolution integral over z involves the (non-perturbative) unintegrated
quark density, the z1 integral (in the second line) can in principle be calculated analytically.
6C. Combined gluon and quark parts
Combining the results for the gluon part (3.17) and quark part (3.24) we obtain
F(x,q2) = F˜0(x,q2)
+ αs
∫
d2p
pip2
∫ 1
x
dz
z
∆R(z,q
2, µ2)F
(x
z
, |q+ p|2
)
θ(p2 − µ2)
+
αs
2pi
∫
d2p
pip2
∫ 1
x
dz
z
zωP˜gq (1,p,q)Q
(x
z
, |q+ p|2
)
θ(p2 − µ2)
− αs
2pi
∫
d2p
pip2
∫ 1
x
dz
z
∫ 1
z
dz1
z1
zω1
[
P˜ ′gq
(
z
z1
,p,q
)
z
z1
]
Q
(x
z
, |q+ p|2
)
θ(p2 − µ2). (3.25)
Note that zω = ∆R(z,q
2, µ2). Using in addition P˜gq (1,p,q) = CF , we obtain
F(x,q2) = F˜0(x,q2)
+
αs
2pi
∫ 1
x
dz
z
∫
d2p
pip2
θ(p2 − µ2)
[
∆R(z,q
2, µ2)
(
2CAF
(x
z
, |q+ p|2
)
+ CFQ
(x
z
, |q+ p|2
))
−
∫ 1
z
dz1
z1
∆R(z1,q
2, µ2)
[
P˜ ′gq
(
z
z1
,p,q
)
z
z1
]
Q
(x
z
, |q+ p|2
)]
(3.26)
From the above expression we can see that the 1p2 singularity of the quark term in the third line of eq. (3.26) is
regularized by the Regge formfactor in direct analogy with the gluonic term. For the term in the fourth line we note
on the other hand that P˜ ′gq(z,p,q) ∼ p2 for finite q; the limit µ2 → 0 is therefore expected to be finite for this
term. Before addressing the numerical stability in the next section, we note that the above resummation can be in a
straight forward manner extended [32, 33] to the situation where the gluon density is large and therefore subject to a
nonlinear evolution equation, taking into account saturation effects [34, 35]. The extended non-linear equation reads:
F(x,q2) = F˜0(x,q2) + αs
2pi
∫ 1
x
dz
z
∫
d2p
pip2
θ(p2 − µ2)
[
∆R(z,q
2, µ2)
{
2CAF
(x
z
, |q+ p|2
)
+ CFQ
(x
z
, |q+ p|2
)
− 4piαs
R2
p2δ(p2 − q2)
[(∫ ∞
p2
dl2
l2
F
(x
z
, l2
))2
+ F
(x
z
,p2
)∫ ∞
p2
dl2
l2
ln
(
l2
p2
)
F
(x
z
, l2
)]}
−
∫ 1
z
dz1
z1
∆R(z1,q
2, µ2)
[
P˜ ′gq
(
z
z1
,p,q
)
z
z1
]
Q
(x
z
, |q+ p|2
)]
(3.27)
where the gluonic part is given by momentum space formulation [36, 37] of the Balitsky-Kovchegov equation [38, 39].
In the above equation the parameter R has an interpretation of radius of the hadron.
D. Numerical studies
First of all we would like to estimate the stability of
eq. (3.26) with respect to the cutoff µ. To address this
issue we need to assume some form of quark distribution
Q.4 To have a realistic form of this function we use the
DLC 2016 set of parton densities [40].5 Employing this
4 When a complete set of equations, including both quarks and
gluons, will be available the quark distribution will be computed
while solving this system.
5 The DLC 2016 PDFs are defined for µ > 1.3 GeV. Since in our
case µ is a technical cut-off which extends below this value, we
7set of PDFs (with just one quark flavor) we perform the
convolution of the low z and finite z parts of the Pgq
kernel. We evaluate the quark density for x = 10−1 and
10−2 and we are lead to the conclusion that as µ2 → 0
the cutoff dependence gets weaker see Fig. 2. The other
issue we can already address is the importance of the
quark contribution to gluons at the unintegrated level as
predicted by our equation. To answer this question we
perform one iteration of the appropriate splitting func-
tions on gluon and quark distribution in eq. (3.26), where
for simplicity we again restrict to the case of one quark
flavor. Since the applicability of the used gluon splitting
function is limited to the low x domain, we study the ef-
fects only for moderate x values x = {10−1, 10−2} of the
longitudinal momentum fraction. From Fig. 3 we can see
that at x = 10−2 the quark contribution is much smaller
than the gluon contribution and can be neglected, while
at larger x it starts to be relevant.
E. Low x limit
Since we are already working in the low-x approxima-
tion for the gluon part it is natural to also study the
result of Sec. III C when a similar limit is taken in case
of Pgq kernel. To do it in a correct way we need to go
back to the kernel of eq. (2.4) and take the z → 0 limit,
which gives
Pgq(z,p,q) = CF
2
z
, (3.28)
and repeat the steps of Sec. III. If we do this and substi-
tute the simplified kernel to eq. (3.13) it is easy to check
that we will obtain
c+i∞∫
c−i∞
dω
2pii
x−ω
αs
2pi
ω
ω + ω
∫
d2p
pip2
∫ 1
0
dzzωPgq(z,p,q)
∫ 1
0
dyyω−1Q(y, |q+ p|2)θ(p2 − µ2)
=
c+i∞∫
c−i∞
dω
2pii
x−ω
αs
pi
CF
ω
ω + ω
∫
d2p
pip2
∫ 1
0
dzzω−1
∫ 1
0
dyyω−1Q(y, |q+ p|2)θ(p2 − µ2)
=
αs
pi
CF
∫
d2p
pip2
∫ 1
x
dz
z
zωQ
(x
z
, |q+ p|2
)
θ(p2 − µ2). (3.29)
This leads to the final result (taking into account the nonlinear effects) in the low-x limit
F(x,q2) = F˜0(x,q2)
+
αs
pi
∫
d2p
pip2
θ(p2 − µ2)
1∫
x
dz
z
∆R(z,q
2, µ2)
[
CAF
(x
z
, |q+ p|2
)
+ CFQ
(x
z
, |q+ p|2
)]
− 2α
2
s
R2
1∫
x
dz
z
∆R(z,q
2, µ2)
[ ∞∫
q2
dl2
l2
F
(x
z
, l2
)
2
+ F
(x
z
,q2
) ∞∫
q2
dl2
l2
ln
(
l2
q2
)
F
(x
z
, l2
)]
. (3.30)
We find that when the low-x limit is taken, the treat-
ment of the 1p2 singularity of the quark-to-gluon split-
ting appears to be in 1-1 correspondence with the low x
gluon-to-gluon splitting, i.e. the contributions of gluon
(F) and (Q) in the second line of eq. (3.30) differ only
by their overall color factor and are both regulated by a)
the cut-off µ2 and b) the Regge form factor ∆R which
ensures stability in the limit µ→ 0. Note that, since the
treatment of the quark part of the evolution equation is
assume for this study that the quark distribution for µ < 1.3
GeV is constant.
not affected by the presence of the non-linear terms in the
second line of eq. (3.30), we expect this equation to be-
have in the limit µ→ 0 identical to its linear truncation.
This is in particular true for the quark part which ini-
tially provided the main source of a potential instability;
the purely gluonic non-linear evolution equation is on the
other hand known to be stable in the limit µ→ 0 [41].
IV. SUMMARY AND OUTLOOK
In the paper we have constructed a nonlinear TMD
evolution equation for gluons, receiving contribution
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FIG. 2. The figure visualizes the cutoff dependence of the low z and finite z quark terms contributing to the gluon density.
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FIG. 3. The figure shows the relative contribution of gluon and quark terms at |q| = 2 GeV to the density of gluons for
x = 10−1 (left) and x = 10−2 (right) as a function of cutoff µ.
from quarks. In order to regularize the divergences of
the Pgq kernel, we introduced a cut-off and identified
the latter with a similar cut-off introduced in the con-
text of the BFKL kernel; within the BFKL kernel this
cut-off serves for splitting off the low pT region of the
real contributions and adding the latter to the virtual
corrections. Resumming the combined contribution of
‘virtual part and low pT real part’ of the BFKL kernel
to all orders in the strong coupling, one finds that both
the pure gluonic contribution to the evolution equation
as well as the quark induced term are finite if we send
this cut-off to zero. In particular we demonstrated, via
performing one iteration of the kernels, that the equa-
tion has a realistic chance to be stable against variation
of the cutoff parameter, since after one iteration the re-
sult stabilizes. To perform a fully consistent study of
the complete system of kT -dependent evolution equa-
tions, we need to calculate the virtual contributions to
the quark-to-quark splitting functions in the framework
of kT -factorization. We plan to address this question
through a calculation of corresponding virtual correc-
tions, using the calculational framework developed in
[42–47] to determine loop-corrections within high-energy
factorization. These results will then be combined with
the already known real contributions, using an appropri-
ate extension of the Curci Furmanski Petronzio method
to off-shell initial quarks. We also expect that one can
again perform a similar resummation of the combined
virtual and low pT real terms, leading to a system of
equations for quarks and gluons on equal footing. Fur-
thermore, a numerical study of the complete system will
then allow for a more consistent study of the cutoff de-
pendence and – in addition – enable us to study the im-
pact of nonlinearities on the quark density.
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